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3.10.1Introduction to Graph Theory

Parts of a Graph

Agraphis amathematical structure thatis used to represent objects and the connections between them.
They can be usedin modelling many real-life applications, e.g. electrical circuits, flight paths, maps etc.

What are the different parts of agraph?

= Avertex(point)represents an object oraplace
= Adjacentvertices are connected by anedge
= The degree of avertex can be defined by how many edges are connected to it

= Anedge (line) forms a connection between two vertices

= Adjacent edges share acommon vertex
= Anedge that starts and ends at the same vertexis called aloop

= There may be multiple edges connecting two vertices
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Types of Graphs

What are the types of graphs?

A complete graphis a graphinwhich each vertexis connected by an edge to each of the other vertices
The edgesin a weighted graph are assigned numerical values such as distance or money
The edgesin a directed graph can only be travelled alongin the directionindicated

= thein-degree of avertexis the number of edges that lead to that vertex

= the out-degreeis the number of edges that leave from that vertex
A simple graphis undirected and unweighted and contains no loops or multiple edges
Given a graph G, a subgraph will only contain edges and vertices that appearin G
Inaconnected graphitis possible to move along the edges and vertices to find aroute between any
two vertices

= |fthe graphis strongly connected, thisroute can be in either direction between the two vertices
Atreeis agraphinwhich any two vertices are connected by exactly one path
A'spanning tree is a subgraph, whichis also a tree, of a graph G that contains all the vertices from G

O Examiner Tip

= There are alot of specific terms involved in graph theory and you are often asked to describe them

inan exam - make sure you learn the definitions

= Make sure that any graphs you draw are big and clear so they are easy for the examinertoread
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@ Worked example

The graph G shown below is a strongly connected, unweighted, directed graph with 5 vertices.

a) State the in-degree of vertex A.
Ohlxj the en\je connecting A and C is going nto A

In- degree of vertex A = |\

b) Explain why the graph is considered to be strongly connected.

The graph is strongly comnected because it is
poss'-ln\e o construct o wolk in either direction

bebween ony two vertices
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3.10.2 Walks & Adjacency Matrices /

Your notes

Walks & Adjacency Matrices

Adjacency matrices are another way to represent graphs and connections between the different vertices.

What is an adjacency matrix?

An adjacency matrix is a square matrix where all of the vertices in the graph are listed as the headings
forboththerows (i) and columns (j)
An adjacency matrix can be used to show the number of direct connections between two vertices
Anentry of Oin the matrix means that there is no direct connection between that pair of vertices
In a simple graph the only entries are either O or1
Aloopisindicatedin an adjacency matrix with a value in the leading diagonal (the line from top left to
bottomright)
= |nanundirected matrix the value in the leading diagonal willbe 2 because you can use the loop to
travel out of and into the vertexin two different directions
= |nadirected matrix, if the loop has been given a direction, the value in the leading diagonal will be 1
as you canonly travel along the loop out of and back into the vertexin one direction
= Foragraphwithnoloops every entry in the leading diagonal willbe O
Anundirected graph will be symmetrical in the leading diagonal
The sum of the entries in arow is the in degree of that vertex
The sum of the entries in a column s the out degree of that vertex
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@ Worked example /

Your notes
Let G be the graph below.

Write down the adjacency matrix for G.

AR CDE
Afo I | O |
6 I1 0 00O
G I O 1 1 |
bl o 0o 0 |
Exad ) Ly 2
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Number of Walks /
Whatis awalk? Your notes

= Awalkis asequence of vertices that are visited when moving through a graph along its edges
= Bothedges and vertices can berevisitedinawalk
= Thelength of a walk s the total number of edges that are traversed in the walk

How do you find the number of walks in a graph?

= Let Mdenote the adjacency matrix of a graph. The (i, j) entry in the matrix M€ will give the number of

walks of length k from vertexito vertexj
= [fthereisanentry of 2inthe leading diagonal of the matrix, this should be changed to a1before the

matrixis raised to a power
= The number of walks, between vertexiand vertexj, of length n orless can be given by the matrix S”,

where S"=M'+ M? 4+ .+ .M"
= |fall of the entries in a single row of S” are non-zero values then the graph is connected

O Examiner Tip

= Readthe question carefully to determine if you need to choose a specific power for the adjacency
matrix or if you need to play around with different powers!
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@ Worked example /

Your notes
The adjacency matrix M of a graph Gis given by

ABCDE

(01101]
10010
10010
01101

(10010

m o aQw >

a) Draw the graph described by the adjacency matrix M.

b) Find the number of walks of length 4 from vertex B to Vertex E.
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Enker bre watnx nh your GDC and raise it to the /
power & Your notes
o1 10 1\"*
0 0 | 0
m=|1 001 0
o I 1 0 |
I 0 0 | O
BT O 0 I8 O Value in row € and
0 |2 12 0 Column E
m=|0 12 12 012

18 0 0 18 O
0 12 12 0 12

The number of walks of length 4 fron vertex 8
to vertex € is 12

c) Find the number of walks of 3 orless from vertex Ato vertex C.
Enker the watnx wh Yyour GDC and 2dd  successive
powsars o{: ik

3 _ 2 3
o= YNy B Value in row A and

6/,\—_/ colvwan C

57 z
T 2 2 Tt 2
v=17 2 8 3 2
g a3 o
T 22 % 1

The number of walks n-F \e,nabl- 3 or less froma
vertex A to vertex C is 7
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Weighted Adjacency Tables

Aweighted adjacency table gives more detailed information about the connection between different
vertices in a weighted graph.

What is a weighted adjacency table?

Aweighted adjacency table is different to an adjacency matrix as the value in each cell is the weight of
the edge connecting that pair of vertices
= Weight could be cost, distance, time etc.
An empty cell can be used to indicate that there is no connection between a pair of vertices
Adirected graphis not symmetrical along the leading diagonal (the line from top left to bottom right)
When drawing a graph fromits adjacency table be careful when labelling the edges
= Foranun-directed graph the two cells between a specific pair of vertices will be the same so
connect the vertices with one edge labelled with the relevant weight
= Foradirected graphif the two cells between a specific pair of vertices have different values draw
two lines between the vertices and label each with the correct weight and direction
Aweighted adjacency table can be used to work out the weight of different walks in the graph
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@ Worked example

The table below shows the time taken in minutes to travel by car between 4 different towns.

A B C D
A 16 35
B 16 20 18
C 35 20 34
D 23 34

a) Draw the graph described by the adjacency table.

b) State the time taken to drive from Town B to Town D.

|3 rm'mute.s
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3.10.3 Minimum Spanning Trees /

Your notes

Kruskal's Algorithm

In a situation that can be modelled by a graph, Kruskal’s algorithm is a mathematical tool that can be used
toreduce costs, materials or time.

Why do we use Kruskal’s Algorithm?

Kruskal’s algorithmis a series of steps that when followed will produce the minimum spanning tree for
aconnected graph
Finding the minimum spanning tree is useful in a lot of practical applications to connect all of the
vertices in the most efficient way possible
The number of edges in a minimum spanning tree will always be one less than the number of verticesin
the graph
Acycleis awalk that starts at a given vertex and ends at the same vertex.

=  Aminimum spanning tree cannot contain any cycles.

What is Kruskal’s Algorithm?

STEP1

Sortthe edgesinterms of increasing weight

STEP2

Select the edge of least weight (if there is more than one edge of the same weight, either may be used)
STEP 3

Select the next edge of least weight that has not already been chosen and add it to your tree provided
thatit does not make a cycle with any of the previously selected edges

STEP 4

Repeat STEP 3 until all of the verticesin the graph are connected

O Examiner Tip

= Whenusing any of the algorithms for finding the minimum spanning tree, make sure that you state

the orderin which the edges are selected to get full marks for working!
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@ Worked example ,

Your notes
Consider the weighted graph G below.

11 74

6
9
D 15
D 8 C
a) Use Kruskal’'s algorithm to find the minimum spanning tree. Show each step of the algorithm
clearly.
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I'.-Jst &‘?— cAau 1-‘\ order OF wt'nai-\.k /
Ex () Your notes
Dh (@
ag (&)
er (s)

Fe (5)
8c (6)
eF (1)
w (8)
W ()
AD (9)
AE  (n)
e (1s)

Add  bre edge of leask weight | themn bhe next onwsed edge of Leask
utiakt (w'-t{-nmt mk.inj 'S r.njc.\f.) unkil all verbices are connecked

A [ 3
7
E F
5
1 5 6
H G
i
]

D C

643&3 added in bhis order:
EH, DH, AR, EF, FG, BC, BF

W

Noke: EF andh FG could be
odded n ether order

b) State the total weight of the minimum spanning tree.

Add vp bhe weights of the edges in the minimum
Spann]r\ﬁ tree

l+ 2+ 4+ S +5 + 6 + 7 =J30
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Prim's Algorithm /
Prim’s algorithmis a second method of finding the minimum spanning tree of a graph. Your notes

What is Prim’s Algorithm?

= Prim’s algorithminvolves adding edges from vertices that are already connected to the tree.
= Cycles are avoided by only adding edges that are not already connected at one end.
= STEPI
Start at any vertex and choose the edge of least weight thatis connected toit
= STEP2
Choose the edge of least weight thatis incident (connected) to any of the vertices already connected
and does not connect to anothervertex thatis already in the tree
= STEP3
Repeat STEP 2 until all of the vertices are added to the tree

Page 15 of 42

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example ,

Your notes
Consider the weighted graph below.

A 15 B
25 13
E Ce6
21 30
D
a) Using Prim’s algorithm, find the minimum spanning tree.
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Select a starbing vertex (A) and choose the edge of least /
(._eij.\{ Brat s connecked bo it

Your notes
A

5 ¢ as (15)
Continued to select the edge of leask wright bhat
is connecked to any of the other vertices thak
are already connected in the tree

A s . ag (1)
\u3 8C (1?)

Repeat bis process

mbil oll verbices are connected,
femembering  to

record bhe order i which the edﬂgs

were Qddﬂ&
A s e
?\13 Ag (i)
F 12 N BC (|3)
o " £ ce (i2)
8D (1)
D

b) State the total weight of the minimum spanning tree.

Add  Up the weidks of te edgps in the Minimum
sponning  tree

S+ 13 + 12 11 = )97
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Prim's Algorithm Using a Matrix

Information may be given to you eitherin the form of a graph or as a weighted adjacency table. Prim’s
algorithm can be adapted to be used from the adjacency matrix.

How do you apply Prim’s algorithm to a matrix?

A minimum spanning tree is built up from the least weight edges that are incident to vertices already in
the tree by looking at the relevant rows in the adjacency table

STEP1

Select any vertex to start from, cross out the values in the column associated with that vertex and label
the row associated with the vertex 1

STEP 2

Circle the lowest value in any cell along that row and add the edge to your tree, cross out the remaining
values in the column of the cell that you have circled

STEP 3

Label the row associated with the same vertex as the columnin the previous STEP with the next number
STEP 4

Circle the lowest value in any cell along any of the rows that have beenlabelled and add the edge to
your tree, cross out the remaining values in the column of the cell that you have circled

STEP 5

Repeat STEPS 3 and 4 until allrows have been labelled and all vertices have been added to the tree

Which should l use Prim’s or Kruskal’s Algorithm?

Kruskal’s algorithm can be used when the information is in graph form whereas Prim’s algorithm can
be usedin either graph or matrix form.
Prim’s algorithmis sometimes considered to be more efficient that Kruskal’s algorithm as

= theedgesdonotneedtobeordered at the startand

= jtdoesnotrely onchecking for cycles at each step
An exam question will usually specify which method should be used, otherwise you have the choice
If you are asked to find the minimum spanning tree and the information givenin the questionisinthe
form of a table, you should use Prim’s algorithm

O Examiner Tip

= | ook out for questions that ask you to minimise the cost orlength etc. from a weighted graph -
they are implying that they want you to find the minimum spanning tree!
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@ Worked example A/

Your notes
Celesteis building a model city incorporating 6 main buildings that need to be connected to an

electrical supply.

Eachvertexlistedin the table below represents a building and the weighting of each edgeis the costin
USD of creating alink to the electrical supply between the given vertices.

A B C D E F
A - 4 8 1 3
B 4 - 13 2 5 12
C 9 13 - 7 1 4
D 8 2 7 - 10 3
E 1 5 1 10 - 15
F 3 12 4 3 15 -

Celeste wants to find the lowest cost solution that links all 6 buildings up to the electrical supply.

a) Starting from vertex A, use Prim’s algorithm on the table to find and draw the minimum spanning
tree. Show each step of the process clearly.

Page 19 of 42

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Stork ob any verbex and lakel it 1, cross ouk ,
the valunes in colum A and seleck the etlge of Your notes
least wei&ht n row A
A B C D E F
O[aA] 1] a9 8113 AF (3)

B 4 - 13 2 5 12

C g 13 - 7 1 4

D 8 2 7 - 10 3

E 11 5 1 10 - 15

F | 3 |12 ] 4 | 3 |15 -

Lobel row F 2 , deleke the remaning values
in column F and stleck the edge of Teast weight
from rowt A and F

A B C€C | D E F
OlAaTiTalo[8[u[®] AF (3)
B |4 | - 113|251 pF (3

c |9 [13] -]7]1]4

D [ 8 2 [ 7 | - [1] 4

E (11 |5 [ 1 [10] - ]15

@ F |3 ]|]12]4a | 3[15]

Cont‘:v\h\-ﬁ " s waj unbal all uertiuzs ore Se_w}
rememlner;r\g te record the order in which the
edges ore added

A|B|/C|/D|E]|F
®| A 4 (9838 [1n[® AF (3
@| B | 4 I NERERE dF (3)
® . c |9 |18 1 @] 4 &d @)
®| D 8 | @ 1| ; 10 | 3 cF @)
@ E (1|5 |1 /10] {15 ce ()
@ F [3 |12 @[®[15]
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E‘lj’“‘ added n Uhis order:

AF, DF, gD, CF, (E

b) State the lowest cost of connecting all of the buildings to the electricity supply.

AdA wp bhe Lueiﬁkfs OF twe O‘Affj in e mininauna
Spanning  bree
3+ 3+ 2+ L o+ ) = 13
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3.10.4 Chinese Postman Problem

Eulerian Trails & Circuits

What are Eulerian trails and circuits?

Atrailis awalkinwhich no edge is repeated
An Eulerian trail is a trail that visits each edge in a graph exactly once
Acircuitis a trail that begins and ends at the same vertex
An Eulerian circuit is a trail that visits each edge in a graph exactly once and begins and ends at the
same vertex
A graph which contains an Eulerian circuit is called an Eulerian graph
= |nanEulerian graph the degree of each vertexis even
A semi-Eulerian graph contains an Eulerian trail but not an Eulerian circuit
= |nasemi-Eulerian graph exactly one pair of vertices have an odd degree
= These are the start and finish points of any Eulerian trail
An adjacency matrix can be used to determine if a graphis Eulerian or semi-Eulerian as the degree of
eachvertex can be found by inspecting the sum of the entries in the rows (out-degree) or columns (in-
degree)

O Examiner Tip

= |fyoucandraw a graph without taking your pen off the paper and without going over any edge

more than once thenyou have an Eulerian or semi-Eulerian graph!
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@ Worked example ,
Your notes
Let G be the graph shown below. Y
A B
E C
D
a) Show that Gis a semi-Eulerian graph.

Lock ab the Acrj(ee cf each verkex

Mg O® P
F Wby P

G is a semi- Eulerian graph because it has
exmclltj one pair of odd vertices C and D

b) Write down an Eulerian trail for G.

An  Eulerian brail wusk start ond FIALSL\ at c¢/o

There ore several Passlbie Eulerion broils one solution is:

D E AR E C D B8 C

Page 23 of 42
© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Chinese Postman Problem

The Chinese postman problem requires you to find the route of least weight that starts and finishes at the
same vertex and traverses every edge in the graph. Some edges may need to be traversed twice and the
challenge is to minimise the total weight of these repeated edges.

How do I solve the Chinese postman problem?

= |fall of the verticesin a graph are even then the shortest route will be the sum of the weights of the
edgesin an Eulerian circuit

= |f thereis one pair of odd vertices in the graph then the shortest route between them willneed to be
found and repeated before finding an Eulerian circuit

= There will always be an even number of odd vertices as the total sum of the degrees of the
vertices is double the number of edges

= |f there are more than two odd vertices, then each possible pairing of the odd vertices must be
consideredin order to find the minimum weight of the edges that need to be repeated

= The maximum number of odd vertices that could appearin an exam questionis 4

What are the steps of the Chinese postman algorithm?

= STEP]
Inspect the degree of all of the vertices and identify any odd vertices

= STEP2
Find the possible pairings between the odd vertices

= STEP3
Foreach possible combination of vertices, find the shortest walk between the vertices and add the
edgestoberepeatedto the graph

= STEP4
Write down an Eulerian circuit of the adjusted graph to find a possible route and find the sum of the
edges traversed to find the total weight

What variations may there be on the Chinese postman algorithm?

= The weighting of the edge between a pair of vertices may be different depending onifitis the first
timeitisbeingtraversed or arepeat.
= Forexample, if aninspectorwas checking a pipeline for defects then the first time going along a
section of pipeline could take longer during inspection thanif itis being repeatedin order to get
from one vertex to another
= |fthere are 4 odd vertices you may be asked to start and finish at different vertices. Find the length of
the routes forall possible pairings of the odd vertices and choose the shortest route between any 2 of
them to be repeated. The othertwo odd vertices will be your start and finish points.

© ExaminerTip

= | ook carefully for the shortest route between two vertices exam questions often have graphs
where a combination of edges will turn out to be a shorter distance than a more direct route
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@ Worked example

The graph G shown below displays the distances, in kilometres, of the main roads between towns A, B,
C,DandE. Eachroadistobeinspected for potholes.

D C

a) Explain why G does not contain an Eulerian circuit.

Inspect the degree of each vertex

A: 3 (OAA)
B: 3 (mi:l)
C: 3 (odd)
D: 3 (odd)
E: 2 (e.ven)

The Srap'ln C does not contain an Eulerian
circwit as some of the vertices are odd

b) Find the shortest route that starts and finishes at town A and allows for eachroad to be
inspected.
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4

There are 4 odd vertices so all of bhe gossible painings
Your notes

must be considered to f~d the sherkest distance Hhak
needs bo be rqnatesl

PDSS'IHQ pain-f\ﬁsz
ADB D
AB + CD = |2 + 10 = 22
ADC eDn
AC + BD = I8 » 4 = 22
AD 14
AD + BC = 8 + 9 =17 % ghortest

AA& JO\'\& QA&QS ‘bﬁ be repeuted ont;b ‘Hr\e afapl—- MA
6:\3 on ﬁaler;an circu.it' Si.’ar‘tinﬂ F-r‘ow\ A

One possible Eulerian circuit is:

ADARD C R C EA

c) State the total length of the shortestroute.

Add the '.emjﬂn of each eAaz in the qraph then odd the
weight of the repeaked edges
&ﬂnkdajﬂt‘(‘

X
IS+ 174+ 8+ 4 +9+ 10+ 6 17 =  806km
I

Edges in the origral groph
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3.10.5 Travelling Salesman Problem /

Your notes
Hamiltonian Paths & Cycles

What are Hamiltonian paths and cycles?

= Apathisawalkinwhichno vertices are repeated
= AHamiltonian pathis a pathin which each vertexin a graphis visited exactly once
= Acycleisawalkthat starts and ends at the same vertex and repeats no other vertices
= AHamiltonian cycleis a cycle which visits each vertexin a graph exactly once
= |f agraph contains a Hamiltonian cycle then it is known as a Hamiltonian graph
= Agraphis semi-Hamiltonianif it contains a Hamiltonian path but not a Hamiltonian cycle
= The only way to show that a graph is Hamiltonian or semi-Hamiltonian is to find a Hamiltonian cycle or
Hamiltonian path

© ExaminerTip

= |f you are given an adjacency matrix and are asked to find a Hamiltonian cycle, make sure that you
sketch out the graph first

Page 27 of 42

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example ,

Your notes
Let G be the graph shown below.

Show that Gis a Hamiltonian graph.

To show that bhe grogh s Houn' tomian |, ;flav\h'[:-j a

Hawmiltonian CE‘Lle

One possible Hamiltonian cycle is:

A 6 CF D E A
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Travelling Salesman Problem /

The travelling salesman problem requires you to find the route of least weight that starts and finishes at Your notes
the same vertex and visits every other vertexin the graph exactly once.

How do I solve the travelling salesman problem?

= |nthe classical travelling salesman problem the following conditions are observed:
= the graphis complete
= thedirectroute betweentwo vertices is the shortest route (it satisfies the triangle inequality)
= Listall of the possible Hamiltonian cycles and find the cycle of least weight
= Acomplete graph with 3 vertices will have 2 possible Hamiltonian cycles, 4 vertices will have 6
possible cycles and a graph with 5 vertices will have 24 possible cycles
= Thereis no known algorithm that guarantees finding the shortest Hamiltonian cycle in a graph so this
method is only suitable for small graphs

O Examiner Tip

= Toremember the difference between the travelling salesman problem and the Chinese postman
problem, remember that the salesmanisinterestedin selling at each destination (vertex) whereas
the postmanwants to walk along every road (edge) in order to deliver the letters
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@ Worked example /

Your notes
The graph below shows four towns and the distances between themin km.

14
9 15 16
7
D C

Asalesmanlivesin city Aand wishes to travel to each of the other three cities before returning home.

Find the shortest route that the salesman could take and state the total length of the route.
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List all six possble Hamiltonian o:jc.les and  their ueiskt /
Your notes

ARCDA

I

N+ 16+7+9= 43

The rowbte is the same
bult W reverse ﬂ]c the

ADCR A= “'3 - one akove oud therefere

has bhe some whight
AE B & B = W BorTril=41 J
ACDRA=47

ADRCA= 9 +15 +16 +I1§ =54

ACBDA=Ssy

Rou{:l DF leo.slt ums*'\l: = 43 km
A cCcDA
oR
AdDbceA
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3.10.6 Bounds for Travelling Salesman Problem /

Your notes

This revision note discusses more complex situations for the travelling salesman problem and you may
wish to refer to the revision note 3.10.5 Travelling Salesman Problem.
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Table of Least Distances

In some real-life contexts a graph may not be complete nor satisfy the triangle inequality, for example,
when looking at a rail network, not every stop will be connected to every other stop and it may be quicker to
travel from stop A to stop B via stop C rather than to travel from A to B directly. Thus, the problemiis
considered to be a practical travelling salesman problem.

Finding the table of least distances (or weights) can convert a practical travelling salesman probleminto a
classical travelling salesman problem that can then be analysed.

Whatis a table of least distances?

= Atable of least distances shows the shortest distance between any two verticesin a graph
= |nsome cases, the direct route between two vertices may not be the shortest

= By finding the table of least distances, a graph can be convertedinto a complete graph that satisfies
the triangle inequality

= STEP1
Fillin the information for vertices that are adjacent in the graph (at this stage checkif the direct
connections are actually the shortest route)

= STEP2
Complete the rest of the table by finding the shortest route that can be travelled between each pair of
vertices that are not adjacent

O Examiner Tip

= Rememberthat the table of least values has aline of symmetry along the leading diagonal foran
undirected graph, so complete one half carefully first, then map over to the second half
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@ Worked example

The graph G below contains six vertices representing villages and the roads that connect them. The
weighting of the edges represents the time, in minutes, that it takes to walk along a particular road
between two villages.

11

a) Explainwhy G is not complete graph.

G s not a complete 3mpL~ as eocl vertex

is not connected & every other vertex by a

S}r\alﬂ ezlge, e-q. there is no siaale edge
COnnect'if\ﬂ & and D

b) Complete the table of least weights below.
A B C D E F
A
B
C
D
E
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Fill in the toble wibh Hre direct connections from the
graph but check that Unead are the shortest roulkes

as HOM 50 alonﬁ

Shorkest rouke between D and F: D-=F = 20
D=>E-=>F=18

Remember bhat in an undicecked 3rapl\ there will
be a line oF sammetr}j alOnﬂ bhe hou:h'r\a aua.cjon&[
so start by Fi“]ns in One ka'lF

A B c D 3 F
A g
B 14 —
2 7 13 —
D ] 5 =
E 13 6 10 =
F q 18 3 —
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Find the shortest roubes bebween unconnected verbices ,

Your notes
Aand €E: A2C2E =1}

Aand F : A=>C->E =F = 2|

B and D B=>C—>D = I3
C ond F: C=2€E—>F = “.*,

A B C D E F

A - 14 7 1 13 21

B 4 - 13 18 13 q

C g 13 — 5 6 14

D 1 I8 S = 10 18

E 13 13 5 10 = 3

3 21 q 14 I3 3 —
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Nearest Neighbour Algorithm /

As the number of verticesina graphincreases, so does the number of possible Hamiltonian cycles and it Your notes
canbecomeimpractical to solve. The nearest neighbour algorithm can be used to find the upper bound
for the minimum weight Hamiltonian cycle.

What is the nearest neighbour algorithm?

= Foracomplete graph with at least 3 vertices, performing the nearest neighbour algorithm will
generate alow (but not necessarily least) weight Hamiltonian cycle
= Thislow weight cycle can be considered the upper bound
= The bestupperboundis the upperbound with the smallest value
= The nearest neighbour algorithm can only be used on a graph that is complete and satisfies the triangle
inequality so the table of least distances should be found first
What are the steps of the nearest neighbour algorithm?

= STEP1
Choose a starting vertex

= STEP2
Follow the edge of least weight from the current vertex to an adjacent unvisited vertex (if there is more

than one edge of least weight pick one at random)

= STEP3
Repeat STEP 2 until all vertices have been visited

= STEP4
Add the final edge toreturn to the starting vertex

O Examiner Tip

= |f asked to write down the route for the lower bound, don’t forget that some of the entriesin the
table of lowest distances may not be direct routes between vertices!
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@ Worked example

The table below contains six vertices representing villages and the roads that connect them. The
weighting of the edges represents the time in minutes that it takes to walk along a particularroad
betweentwo villages.

A B C D E F
A - 14 7 1 13 21
B 14 - 13 18 13 9
C 7 13 - 5 6 14
D 1 18 5 - 10 18
E 13 13 6 10 - 8
F 21 9 14 18 8 -

Starting at village A, use the nearest neighbour algorithm to find the upper bound of the time it would
take tovisit eachvillage and return tovillage A.

Stark at vertex A (COIUM-'\ A) ond  seleckt bhe
edye of least weight (AC), write it down

Move bo colomn C , cross out the walue Haat
would Join C & A as verkex A has al

been visited . Seleck the eAjo_ of least weighk
(CD) and write down

Move to column D, cross sut the valws for the
vertices alreadsy visited (A and C) and seleck the
2dge  of least weight froa the remaining valoes
ord  wrikte £ down

Continue onbil all verhces hawe been wusited bren
choose  the {:mal edﬂe - 3&t back an\—\ the last
vertex b tee Shwk:lnﬁ pesition
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A B C D E F
Al - [ ¥ w | w [ o
B |4 - I3 I8 13 @
L @ 13 — -1 )4 3
D 1 @ | &) | = \@ 18
E I3 13 6 9 | - )4
F 21 q 14 18 —

S3I mins 15 an vpper bound
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Deleted Vertex Algorithm

The deleted vertex algorithm can be used to find the lower bound for the minimum weight Hamiltonian
cycle.

What is the deleted vertex algorithm?

The deleted vertex algorithm can only be used on a graph that is complete and satisfies the triangle
inequality so the table of least distances should be found first

Deleting different vertices may give different results, the best lower bound is the lower bound with the
highest value

If you have found a cycle the same length as the lower bound then you have found the shortest route
forthe travelling salesman problem

If the lower bound and the upper bound are the same weight then you have found the shortest route
forthe travelling salesman problem

What are the steps of the deleted vertex algorithm?

STEP1

Choose avertexand delete it along with all edges that are connected toit

STEP 2

Find the minimum spanning tree for the remaining graph (see revision note 3.10.3 Minimum Spanning
Trees)

STEP 3

Add the two shortest edges that were deleted from the original graph to the weight of the minimum
spanning tree

O Examiner Tip

= Be careful whenusing a weighted adjacency table not to get confused between using Prim’s

algorithm and the nearest neighbour algorithm.
= Rememberthat Prim’sis used to find a minimum spanning tree, so vertices can be connected
to several other vertices and hence can have more than one value in a column circled
= Whenusing the table for the nearest neighbour algorithm, vertices cannot be revisited so
only one value will be circled in each column
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@ Worked example

The table below contains six vertices representing villages and the roads that connect them. The
weighting of the edges represents the time in minutes that it takes to walk along a particularroad
between two villages.

A B C D E F
A - 14 7 1 13 21
B 14 - 13 18 13 9
C 7 13 - 5 6 14
D 1 18 5 - 10 8
E 13 13 6 10 -
F 21 9 14 18 8 -
a) By deleting vertex A and using Prim’s algorithm, find a lower bound for the time taken to start at

village A, visit each of the othervillages and return to village A

A B £ D E F

A b 7 + 13 24
Ol B 14 - FEE Z | @
@| ¢ : iz — S £ 14
©[ D ]! \& 3 = o | &
®| E I8 I%e ® 10 . =
@| F 2\ q 14 3 | ® -~

Add a&:jes in bhe order: II:F E‘;%
€
ce (6)
cp (5)

Tokol weight of mimimum spanning tree = 28
Add weights of two edges of leost weight connecled to A: AC (1)

Ap (i)

Lower bound = 28 + 1 + Il = | 46 minukes

b) Show that by deleting vertex Binstead, a higher lower bound can be found.
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A B C D E F

D A - 14 @ | u B | 2l
B H 3 t8 13 .

@| C A 1B — ® (9 14
®| D i (B 5 - 19 18
®| E 13 13 4 Vo — ®
®| F 24 g 4 18 3 —
Tobal weight - minmun spanning tree = 7 + & + 6 +5

= 26

N(’_';S\\t DF two eAaf;s nF least w@.l&'nk connected to B: BF (“)

8¢/o (13)

Lower bound = 4% mins

This s o lu'sl\ar lower bound than
fosrd when delebing vertex A
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